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Nilpotent Groups

Definition 1. The lower central series of a group G is

γ1(G ) = G ≥ γ2(G ) ≥ · · · γi (G ) ≥ · · ·

where γ2(G ) = G ′ = [G ,G ] and γi+1(G ) = [G , γi (G )].

Definition 2. A group G is termed nilpotent of class c if
γc+1(G ) = 1 for some c and γc(G ) 6= 1.
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IA-groups

The group of inner automorphisms consists of the elements of
Aut(G ) of the form g 7→ x−1gx = g x for a fixed x .

For any group G we define its center as
ζ(G ) = {g ∈ G : [g , x ] = 1 for all x ∈ G}.
The group of IA-automorphisms of G is
ker(Aut(G ) 7→ Aut(G/G ′)). Thus,
IA(G ) =

{
α ∈ Aut(G ) : g−1(gα) ∈ G ′ (g ∈ G )

}
.

Inn(G ) ≤ IA(G ) for any group G .

G/ζ(G ) ∼= Inn(G ).
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IA-automorphisms of nilpotent groups

There are many nilpotent groups G for which
Inn(G ) 6= IA(G ).

Example. Let F = gp(a1, a2, a3) be free nilpotent of class 2
and rank 3. Then IA(F ) is free abelian of rank 9 while Inn(F )
is free abelian of rank 3.

Theorem [P. Hall] If G is nilpotent of class c, IA(G ) is
nilpotent of class c − 1.
Let G be nilpotent:

If G is finitely generated, IA(G ) is finitely generated.

If G is torsion-free, IA(G ) is torsion-free.
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Localization of nilpotent groups

Localization. A nilpotent group is said to be p-local if nth
roots exist and are unique for every n relatively prime to p.

Fundamental Theorem of Localization. Given a nilpotent
group G there exists a localization map G → G(p) where G(p)

is p-local and nilpotent.

A group G is metabelian if G ′ = [G ,G ] is abelian.

Theorem [MZ] If the p-localizations of two finitely generated
nilpotent, torsion-free and metabelian groups are isomorphic,
then the p-localizations of their IA-groups are also isomorphic.
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IA-automorphisms of metabelian groups

Theorem [Gupta] The lA-automorphism group of a two
generator metabelian group is metabelian.

Theorem [Bachmuth, Baumslag, Dyer, Mochizuki] Let
G = 〈a, b; [a, b]n = 1〉 in the variety of metabelian groups.

1 If n is prime then IA(G ) = Inn(G ).
2 If n is square-free but not prime, then IA(G ) is finitely

generated but IA(G ) 6= Inn(G ).
3 If n is not square-free then IA(G ) is not finitely generated.
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IA-automorphisms of groups with constant upper central
series (joint work with M.H. Dean and M. Bonanome)

Central automorphisms
Autc(G ) =

{
α ∈ Aut(G ) : g−1(gα) ∈ ζ(G ) (g ∈ G )

}
.

The upper central series of G

1 = Z0 E Z1 E . . . E Zi E . . .

is defined recursively for i > 0 by the condition

Zi+1/Zi = ζ(G/Zi ).

Marcos Zyman IA-automorphisms of various classes of groups



IA-automorphisms of groups with constant upper central
series (joint work with M.H. Dean and M. Bonanome)

Central automorphisms
Autc(G ) =

{
α ∈ Aut(G ) : g−1(gα) ∈ ζ(G ) (g ∈ G )

}
.

The upper central series of G

1 = Z0 E Z1 E . . . E Zi E . . .

is defined recursively for i > 0 by the condition

Zi+1/Zi = ζ(G/Zi ).

Marcos Zyman IA-automorphisms of various classes of groups



An easy lemma

Lemma

The following are equivalent:

(i) Z1 = Z2.

(ii) ζ (G/ζ(G )) = 1.

(iii) ζ(G ) = Zi for all i = 1, 2, . . ..

(iv) Inn(G ) has trivial center.
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Results

G will be termed an H-group if Z1 = Z2 in the upper central
series.

Lemma

Let G be an H-group. Then

gp(Inn(G ),Autc(G )) = Inn(G )× Autc(G ).

Sketch of proof:

[Inn(G ),Autc(G )] = 1. Hence

Inn(G ) ∩ Autc(G ) ≤ ζ(Inn(G )) = 1.
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Results

Let N ≤ G . A subset S ⊆ G is called a complete set of
representatives of N in G if

(i) For every g ∈ G there exists s ∈ S such that gN = sN in
G/N, and

(ii) s1N = s2N for s1, s2 ∈ S implies that s1 = s2.

Lemma

Let G be an H-group such that G ′ ≥ ζ(G ) and
IA(G/ζ(G )) = Inn(G/ζ(G )). Then Inn(G ) is a complete set of
representatives of Autc(G ) in IA(G ).
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Results

Sketch of proof:

Let ϕ : g 7→ gcg ∈ IA(G ).

The image of ϕ under the natural
epimorphism Ψ : IA(G ) −→ IA(G/ζ(G )) is

g 7→ g cg (g ∈ G )

in IA(G/ζ(G )) = Inn(G/ζ(G )).
There exists x ∈ G such that

cg = [g , x ].

x induces the desired inner automorphism.
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Results

Theorem

Let G be a group such that Z1 = Z2 in the upper central series
and ζ(G ) ≤ G ′. If IA (G/ζ(G )) = Inn (G/ζ(G )), then

IA(G ) = Inn(G )× Autc(G ).
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A useful lemma

Lemma

Let G = gp(x1, . . . , xn) be a finitely generated H-group such that
ζ(G ) ≤ G ′. Suppose that there exists a presentation for G in
which every relator is a product of commutators. If Autc(G ) is
finitely generated, then ζ(G ) is finitely generated.

Proof.

Suppose {α1, . . . , αm} generates Autc(G ). Then

xiαj = xizij

with i = 1, . . . , n; j = 1, . . . ,m; and zij ∈ ζ(G ). Then the zij
generate the ζ(G ).
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Example

G = F/[F ′′,F ] is free center-by-metabelian of rank 2.

Then ζ(G ) = G ′′ and G/ζ(G ) is free metabelian of rank 2.

ζ(G/ζ(G )) = 1.

IA(G/ζ(G )) = Inn(G/ζ(G )) (Bachmuth), ⇒
IA(G ) = Inn(G )× Autc(G ).

ζ(G ) is free abelian of countably infinite rank (Ridley).

Hence, Autc(G ) is itself free abelian of infinite rank. ⇒
IA(G ) is not finitely generated.
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Thank you!
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